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The electron-positron pair production in the collision of two intense gamma lasers is studied
beyond the dipole approximation. The complete electron/positron momentum spectrum obtained
by three-dimensional computation shows directly the multi-photon pair production channels and
provides a sensitive test on the widely-used concept of the effective mass. Nonperturbative features
are identified in the dependence of the total yield on the field intensity. In particular, various breaks
in the momentum rings are observed and proved to be a manifestation of particle’s energy gaps in
the standing light wave induced by the Kapitza-Dirac scattering. A theoretical model of multi-level
systems coupled by the Kapitza-Dirac scattering and pair production channels is established. Multi-
channel interference effects and pair production suppression are revealed in these systems which in
principle can be experimentally measured.
Introduction.—The spontaneous electron-positron pair
production (PP) is predicted to induce the vacuum
breakdown in a constant electric field as the field strength
exceeds the critical value Ec = 1.3 × 1018 V/m [1, 2],
and also in heavy nuclei collision and extreme astro-
physical events [3]. The relevant research develops
quantum electrodynamics in the nonperturbative regime
and provides significant insights to other branches of
quantum field theory, such as the Adler-Bell-Jackiw
anomaly [4] and string breaking in the strong interactions
[5]. As experimentally motivated by the fast develop-
ment of the strong–laser technology [6–8], abundance of
study has been devoted to PP in spatially-homogeneous
temporally–oscillating electric fields (OEF) [9–13], in-
cluding interference effects to enhance PP [14, 15].
However, generalization to spatially–inhomogeneous field
poses a serious challenge in both analytical and numerical
work [9, 16–18].
In view of the fast–developing x-ray free-electron lasers
and gamma ray [9], we study PP in a standing wave com-
posed of intense colliding gamma lasers. Note that the
OEF can be regarded as a dipole approximation of the
field around the electric anti-node of a standing wave.
But this approximation is reasonable only if the laser
wavelength is much larger than the characteristic length
scale of the PP process, which requires ω  m and the
nonlinear dimensionless parameter ξ = |e|E/mω  1
[19], where E and ω are the electric field strength and
frequency, m and e are the electron mass and charge, re-
spectively, with natural units ~ = c = 1 used throughout.
As we focus on the field regime ξ ∼ 1 and ω ∼ m, the
dipole approximation does not apply, and both the spa-
tial inhomogeneity and the magnetic field are naturally
involved.
Our study is based on the quantum electrodynamics
with background fields [20] and three–dimensional com-
putation of Dirac equation. Previous one–dimensional
calculations or calculations with specially chosen positron
state for PP in such high–frequency standing waves have
shown drastic differences compared to OEF in e.g., the
momentum spectrum, the production yield, and the de-
pendence of PP on laser polarization [19, 21–23]. In this
paper both the multiphoton pair production channels of
the Breit–Wheeler type (nγ + n′γ′ → e−e+) [24–27] and
the nonperturbative features of the process are shown.
With the complete momentum spectrum, the widely used
effective mass concept that there exists a mass-like quan-
tity independent of the momentum in the strong field is
put under a sensitive test. It is found that the Kapitza–
Dirac scattering [28] plays an important role in the pair
production, and in particular multi-channel destructive
interference exists in this field which can suppress the
pair production.
Theoretical and Computational methods.— In quan-
tum electrodynamics with background fields [20], the
laser field is taken as a classical background field and
the interaction between the quantized radiation field and
the particles is neglected. This method is justified when
the number of created pairs is small and the interaction
between the particles as well as the feedback of the par-
ticles to the laser field can be neglected. The number of
electrons produced in state n is given by
Nn =
∣∣〈0, tin|aˆ†n(tout)aˆn(tout)|0, tin〉∣∣2 = ∑
m
∣∣G(+|−)n;m∣∣2 ,
(1)
where |0, tin〉 is the vacuum state at the instant tin when
the field is not turned on yet and aˆ†n(tout)(aˆn(tout)) is the
creation (annihilation) operator of state n at the instant
tout when the field is turned off already. In the Dirac sea
picture, G(+|−)n;m is equivalent to the external–field–
induced transition amplitude from the negative–energy
in–state m to the positive–energy out–state n. There-
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2fore, to compute the pair production is to solve the
time–dependent Dirac equation independently for each
negative–energy in–state as the initial state.
We consider the collision of two laser beams propagat-
ing in the direction ±ez and polarized along ey. The
laser beams have the equal intensity with ξL = ξR =
ξ/2 (subscripts L and R denote the beams propagat-
ing along ez and −ez, respectively) and the same fre-
quency ω. If the spatial dependence of the envelop is
neglected, the laser field is approximated as a stand-
ing wave and the vector potential can be written as
A = (mξ/|e|)f(t) sin(ωt) cos(ωz)ey, where the time pro-
file f(t) contains a plateau with duration T , and sin2-
like turn–on and turn–off phases of two laser cycles each.
Noting that the periodicity of the vector potential along
ez results in a transition selection rule that a momen-
tum eigenstate with p can only jump to the momentum
eigenstates with p+nωez with n = 0,±1,±2, · · · [23], the
computation cost can be reduced by parallelly computing
the states which can never interact. That is to adopt the
wavepackets composed of all the negative–energy eigen-
states in [p+nωez,p+(n+1)ωez) for each specific n and
spin s as the initial state, instead of the single negative–
energy state. And the evolution of the Dirac equation is
computed by the split-operator method.
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FIG. 1. (py, pz) momentum spectrum of the elec-
trons/positrons created with px = 0 in the standing wave with
ω = 1.3 m, ξ = 1 and T = 40τ with the laser cycle τ = 2pi/ω.
Resonance rings are contributed from different (nL, nR) chan-
nels as labeled. The analytical prediction (dashed line) for
the position of each resonance ring obtained from Eqs. 2 uses
an effective mass value extracted from the computed ring, as
described in the text.
Momentum spectrum and effective mass model.—The
two–dimensional momentum spectrum obtained in Fig. 1
reveals characteristic resonance rings and clearly demon-
strates the contribution of different multi-photon chan-
nels. There are circles centered at the origin con-
tributed by the (nL, nR) channels (abbreviation for
nLγL + nRγR → e−e+) with nL = nR and ellipses cen-
tered at (py = 0, pz = ω(nL − nR)/2) contributed by
channels with nL 6= nR. In comparison, there are only
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FIG. 2. (a) Dependence of m∗ on ξ for the standing–wave case
(ξL = ξR = ξ/2) and on ξL for fixed ξR = 1 cases, with the
same laser frequency ω = 1.3 m. The blue solid line and the
yellow dashed line are results obtained using Eq. (3) for the
respective cases. Blue squares, red triangles, blue diamonds
and red inverted-triangles are m∗ values extracted from the
(2, 2) and (3, 3) rings for the respective cases. (b) The reso-
nance rings actually have a width that oscillates in time. The
accurate position of the point on the ring is determined among
several Rabi oscillation cycles [19]. Shown here are the Rabi
oscillations of the (2, 2) and (3, 3) channel at px = py = 0
in a standing wave with ω = 1.3m and ξ = 2. The location
of the resonance peak is pz = 1.664ω and pz = 2.793ω for
the (2, 2) and (3, 3) channel, respectively, each marked by a
vertical dashed line. These values are used to calculate the
corresponding m∗ value at ξ = 2 in (a).
concentric resonance rings in the momentum distribution
for the OEF case [10, 13]. The location of the resonance
rings can be reproduced satisfactorily from the energy–
momentum conservation relation with the dressed mo-
mentum assumption, as follows. Assume for an arbi-
trary positron(+)/electron(-) asymptotic state with mo-
mentum p± outside the laser field, there exists a dressed
momentum quantity (εq± , q
±) capable of describing the
corresponding particle dynamics in the standing wave.
Therefore, for the (nL, nR) pair production channel,
we may write the resonance condition according to the
energy–momentum conservation as
εq+ + εq− = (nL + nR)ω
q+z + q
−
z = (nL − nR)ω
q+y + q
−
y = 0.
(2)
An effective mass can be defined as m∗ =√
ε2q± − (p±)2, and note that m∗ may be dependent on
p. We further assume that q+ + q− ≈ p+ + p−. This
approximation is reasonable when the ponderomotive en-
ergy ∼ mξ2  |p±|, and also for the case nL ≈ nR with
the symmetry considered. Therefore, reading a (py, pz)
value from an arbitrarily chosen point on an arbitrary
resonance ring in Fig. 1 and noting that the ring also rep-
resents the positron’s momentum from the same channel,
3the Eq. (2) can be solved, the nL and nR value of this
ring can be settled and the effective mass defined above
can be determined for that point. In turn, with a single
effective mass, (py, pz) relation can be drawn via Eq. (2)
with different nL and nR values, shown as dashed lines
in the figure. All the resonance rings are reproduced sat-
isfactorily by a single m∗, indicating an almost complete
independence of the so defined m∗ on p. Hence, this
demonstrates the predictive power and applicability of
the effective mass model.
The dependence of m∗ on the laser parameter (Fig. 2)
shows that the numerically extracted value of m∗ coin-
cides well with the expression
m∗ = m
√
1 +
ξ2L
2
+
ξ2R
2
, (3)
which is derived analytically for a high energetic elec-
tron obliquely propagating in a standing wave [29]. Re-
markably, this coincidence is found to exist even in more
general cases such as ξL 6= ξR.
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FIG. 3. (a) (py, pz) momentum spectrum for the elec-
trons/positrons created with px = 0 in the standing wave of
ω = 0.67m, ξ = 1 and T = 60τ . (b)−(g) The states related to
the breaks marked as b−g in (a) are illustrated on the energy-
momentum curve. The pair production channels (solid arrow)
and KD scattering channels (dashed arrow) among the states
are shown.
Breaks in the momentum ring and multi-channel
interference.—Breaks are found in the momentum res-
onance rings. Some take place at the crossings of two
rings as the marked b−f cases in Fig. 3. The positive en-
ergy state at the crossing can be populated by the corre-
sponding two different pair production channels (n1,m1)
and (n2,m2), and according to the energy–momentum
conservation the corresponding initial negative–energy
state of the (n1,m1) channel can transit to that of the
(n2,m2) channel by the (n1−n2,m1−m2) Kapitza–Dirac
(KD) scattering of absorbing (+ sign)/emitting (− sign)
|n1−n2| (|m1−m2|) photons from the left (right) beam
[30], as shown in Fig. 3(b)−(f). Besides, KD scattering
can also be present between the positive energy states,
see Fig. 3(b)−(d)&(g). Note that the break g is not at
any crossing. It can be seen that the states coupled by
multiphoton pair production channels and KD scattering
channels form the three– or four–level systems.
If the coupling via KD scattering is much stronger
than via the pair production, such as in our cases (b−g)
where the KD process requires fewer photons and thus
has a larger scattering matrix amplitude for the laser
parameter ξ ∼ 1, the KD scattering results in energy
shifts of the states, and thus the breaks and distor-
tions of the resonance rings. Take the break b on the
(2, 2) ring as an example. The two positive–/negative–
energy states with p± = (px, py,±ω + ∆p) can be seen
respectively as a two–level system coupled by the KD
scattering (1,−1), which results in the energy shifts
ε′± = (ε+ + ε−)/2 ±
√
(ε+ − ε−)2 + Ω2/2 [31], where
ε± =
√
p2± +m∗
2 and Ω is the Rabi frequency between
the two states. With ∆p  ω, Ω can be approximated
as the Rabi frequency Ω(1,−1) between the two degener-
ate states (px, py,±ω) which could be numerically com-
puted. Combining this energy shift and the resonance
condition (2), the break and distortions of the (2, 2) ring
can be reproduced satisfactorily, shown as the dashed
line in Fig. 3(a). The energy shift could also be seen as
the energy gap of the particles in the spatially periodic
standing wave like in a crystal. But the energy gap could
only be analytically obtained under very special bound-
ary conditions, such as py = px = 0 [32]. Here we prove
that the energy gap could be obtained by numerically cal-
culating the Rabi frequency between the corresponding
states of the KD scattering.
To illustrate the coherence of the multi-channel
dynamics, the three/four–level systems like those in
Fig. 3(g) and (b) are separately studied as shown in
Fig. 4(a,c) and (b,d), where the maximal occupation
value of the upper states or equivalently the maximum
expectation number of the created electron during 600
laser cycles are manifested for different laser frequencies
with the initial state set to be the lower state of each sys-
tem, that is the negative–energy state |−ψ0,↓〉 with pz = 0
for the three–level system and |−ψ−ω,↓〉 with pz = −ω for
the four–level system (↑ / ↓ denotes the spin along the
±x). Besides, for each system two cases are investigated
with py = 0 and py = 0.1m, respectively, while keeping
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FIG. 4. The maximal occupation value of the positive states
with pz = ±ω during 600 laser cycles with ξ = 1 from a
negative–energy states with (a) pz = 0 and (b) pz = −ω. The
corresponding multi-level system and the effective Hamilto-
nian of each system are shown in (c) and (d). See details in
the text.
px = 0. Notice that the negative– and positive–energy
state could be coupled only when they have opposite spin
in the case of px = 0. For the py = 0.1m cases, two res-
onance peaks are found for the three–level system [19],
while three peaks are found for the four–level system.
This can be explained by the energy splitting of the de-
generate upper states (see Fig. 4(c)) as well as that of
the degenerate lower states (see Fig. 4(d)) induced by
the KD scattering.
What is particularly interesting is the missing of some
resonance peaks in the py = 0 cases [23]. To analyze this,
an effective Hamiltonian matrix similar to that in quan-
tum optics can be set up, shown in Fig. 4, with the effec-
tive mass being used throughout which reflects the strong
field effect. The diagonal elements of the matrix are
the bare state energies, and the off-diagonal elements are
the coupling amplitudes among the states as marked in
Fig. 4(c,d). It can be derived that the coupling amplitude
is proportional to the QED scattering matrix term of the
corresponding process, for example the Rabi frequency
+Ω(1,−1) is proportional to the KD scattering matrix
term 〈+ψω,↑, γR|Sˆ|+ψ−ω,↑, γL〉 with γL/R being the pho-
ton from the left/right beam, Ω(2,1) is proportional to the
pair production matrix term 〈p−z = ω, p+z = 0|Sˆ|2γL, γR〉,
and so on.
For the three–level system in Fig. 4(c) in the case py =
0, there is Ω(2,1) = Ω(1,2) due to the invariance of the
S-matrix under parity transformation, the odd number
of participating photons, and the fact that the electron
and positron are different parity eigenstates. Thus the
state |+ψ−ω,↑〉 − |+ψω,↑〉 can not be stimulated, which
results in the missing of the peak around ω = 0.82m in
Fig. 4(a). This state resembles a dark state of the system
in the laser field.
For the four–level system in Fig. 4(d) in the case
py = 0, as similarly can be proven by parity transforma-
tion, there are +Ω(2,2) = −−Ω(2,2) and Ω(3,1) = −Ω(1,3).
Therefore, the transition from |−ψ−ω,↓〉 ± |−ψω,↓〉 to
|+ψ−ω,↑〉 ± |+ψω,↑〉 are inhibited due to the destructive
interference. Besides, due to the invariance of the S-
matrix under charge conjugation and the existence of a
minus sign between the negative–energy electron propa-
gator and the positron propagator, there is +Ω(1,−1) =
−−Ω(1,−1), and the transition |−ψ−ω,↓〉 ± |−ψω,↓〉 to
|+ψ−ω,↑〉 ∓ |+ψω,↑〉 results in the remaining middle reso-
nance peak.
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FIG. 5. Dependence of total production yield per volume
(λC = 2pi/m is the Compton wavelength) on ξ in a standing
wave with T = 10τ and ω = 1.30m, 0.75m and 0.55m. The
grey dashed lines denote the function ξ2n where n is the min-
imum number of photons absorbed for the pair production to
take place obtained by the threshold condition. The verti-
cal red dash-dotted lines marks the threshold where channel
closing occurs.
Total yield.—Figure 5 shows the dependence of the to-
tal production yield per volume on ξ for various laser
frequencies. Equation (2) results in the threshold condi-
tion nL × nR ≥ (m∗/ω)2 for the (nL, nR) channel. As
ξ  1, the perturbative feature of the process is mani-
fested, that for a n–photon process (n = nL + nR), the
yield increases as ξ2n. This also provides a verification of
the numerical computation. As m∗ increases with ξ, the
3–photon pair production channel closes at ξ = 0.71 for
ω = 0.75m and the 4–photon channel closes at ξ = 0.92
for ω = 0.55m, showing an inflection in the lines. With
ω = 1.30m, the deflection of the yield curve from the ξ4
dependence manifests the onset of the non-perturbative
feature when ξ → 1, similar to that found for nonlinear–
Compton scattering [33] and pair production in relatively
low–frequency laser fields [34].
Summary.—e−e+ pair production in an intense stand-
ing wave is studied. Both the Breit-Wheeler and the
nonperturbative feature are identified. The concept of
the effective mass is sensitively justified and an analyt-
5ical model is obtained. The KD scattering of particles
could induce gaps in the particles energy level which can
lead to the breaks and distortions of the resonance rings
in the electron’s momentum spectrum. Accordingly, a
strong field version of the multi-level system model like
that in quantum optics is established, where the systems
are composed of the states coupled by KD scattering and
the multiphoton pair production channels. The coherent
dynamics among these channels can lead to dark state
and destructive interference which result in the suppres-
sion of the pair production. The coexistence of the strong
field effect and the multi-channel interference can in prin-
ciple be measured by future strong field pair production
experiments with high resolution of the particle states.
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